We analyze the influence of system-size effects on the quantum properties of a degenerate parametric oscillator below, at, and above the classical threshold using a Green's-function approach. The many-body technique permits a systematic analysis of finite-size corrections to standard linearization results. In particular we study a ''semiquantum'' limit, where even above threshold only few photons are in the subharmonic mode while the pump mode is highly populated and behaves quasiclassically. Substantial deviations from classical and linearization predictions are found. We show that the depletion of the pump mode is rather strong and the threshold of parametric oscillation is shifted to higher pump strength, when the subharmonic system is small.
I. INTRODUCTION
The phase transition of a degenerate optical parametric oscillator ͑OPO͒ is an extensively studied subject in quantum optics since one of the quadrature components of the downconverted field can display a complete suppression of quantum fluctuations at the critical point ͓1͔, which has a variety of potential applications in low-noise communication and high-sensitivity measurements. From a theoretical point of view this phase transition is interesting because it is dominated by quantum fluctuations, which are increasingly important, when the so-called system size becomes small. The analysis of system-size effects and their influence on the fluctuations and correlation times in the vicinity of the critical point are therefore essential for the understanding of the phase transition. The frequently used linearization approximation ͓2͔ implicitly assumes a thermodynamic limit and cannot be used to study finite-size effects ͓3͔. Furthermore, the inherent small-noise assumption breaks down at the critical point. A consistent description of the quantum dynamics thus requires an approach which does not resort to the standard linearizations.
Analytical solutions of the nonlinear problem are known only in the limit of a fast decaying pump mode where an adiabatic elimination of this mode is possible. The reduced Fokker-Planck equation for the subharmonic mode fulfills potential conditions and can be solved analytically in steady state ͓4-7͔. Information about correlation times and scaling properties in the adiabatic limit has recently been obtained by Kinsler and Drummond, who mapped the dynamical equations of the degenerate parametric oscillator onto the cubic stochastic process ͓8͔.
A very promising approach to the general case, which goes beyond the standard linearization, has been introduced by Mertens, Kennedy, and Swain ͓9-11͔ and modified by Plimak and Walls ͓12͔. They applied nonequilibrium manybody techniques to calculate finite-size corrections close to the classical threshold. In this approach no adiabatic elimination is required. However the convergence of the selfconsistent calculation scheme in Refs. ͓9-11͔ breaks down in the immediate vicinity of the critical point, since it uses ill-behaved linearized Green's functions as a starting point. Thus the scaling properties at the classical threshold could not be analyzed.
In the present paper we follow the idea of Mertens, Kennedy, and Swain and apply many-body Green's-function techniques to the OPO. Different from their approach, however, we use as a starting point in the self-consistent calculation scheme expressions from a mean-field approximation, which we developed in Ref. ͓13͔. In this approach the lowest order contributions are well behaved also at the critical point, since the backaction of fluctuations on the mean coherent amplitudes is taken into account. We are thus able to calculate average values and fluctuations also at the classical threshold and can study the scaling of fluctuations and correlation times with the system size at this point.
The Green's-function ͑GF͒ formalism is an approach to calculate ordered correlation functions. It involves a truncation of a hierarchy of equations, which is done here by an expansion of the so-called vertex function ͓14͔. This expansion is applicable for a large range of parameters and breaks down only in the strong quantum limit of very small photon numbers in both the pump and the subharmonic mode. Since this limit can easily be treated by a numerical evaluation of the Fock-state density matrix equations, it shall not be considered here. On the other hand, there are two system-size parameters in the OPO corresponding to the two modes, and pronounced quantum effects are to be expected if only one of these parameters becomes small. We will show that the lowest-order term in the vertex expansion, the bare-vertex approximation, works very well when the system-size of the pump mode is kept large. However, at the same time the system size of the subharmonic mode may be chosen rather small. It is thus possible to study the ''semiquantum'' limit of a small-sized subharmonic and quasiclassical pump mode in which substantial deviations from the classical and linearization approaches are found. This ''semi-quantum'' limit is achieved when the cavity-loss rate of the pump mode ␥ 2 is small compared to that of the subharmonic mode ␥ 1 , a situation complementary to the adiabatic limit studied in ͓4-8,12͔.
We will show that the range of validity of the bare-vertex approximation can go far beyond the classical threshold when ␥ϭ␥ 2 /␥ 1 is small and still works reasonably well at threshold even for values of ␥ of the order of unity. In the limit of ␥ going to zero the bare-vertex approximation reduces to the mean-field approximation discussed in Ref.
͓13͔, which can be solved analytically under stationary conditions.
Above the classical threshold the bare-vertex solution undergos a trifurcation. One solution follows the mean-field result ͑vanishing subharmonic amplitude͒, while the other solutions approach the above-threshold classical behavior with a broken symmetry. The trifurcation point, which may be considered as the renormalized threshold of parametric oscillation, is shifted more and more above the classical threshold, when the system size is reduced.
Our paper is organized as follows. In Sec. II we describe the model and compare the mean-field with the standard linearization approach. We also study the scaling properties of fluctuations and correlation times at the classical threshold in the mean-field approximation. In Sec. III we give an introduction into nonequilibrium many-body techniques for threeboson interactions and establish some simple notation. The reader familiar with nonequilibrium Green's functions may skip this part. In Sec. IV we specialize to the case of a degenerate optical parametic oscillator, assuming first a vanishing mean amplitude of the subharmonic mode ͑i.e., not allowing for symmetry breaking͒. Here we analyze the fluctuation properties below, at, and to a certain extent above the classical threshold within the bare-vertex approximation. Dyson equations for normal and anomalous Green's functions ͑correlation functions͒ are derived and solved numerically in a self-consistent way. Squeezing and antisqueezing spectra are calculated and the dependence on pump strength and system size are discussed. The range of validity of the bare-vertex approach is analyzed by numerical estimating lowest-order corrections to the bare vertex in a second part of Sec. IV. Finally we discuss the bare-vertex solutions above the classical threshold relaxing the condition ͗a 1 ͘ϭ0 ͑i.e., allowing for symmetry breaking͒. Section V gives a summary and an outlook.
II. CLASSICAL BEHAVIOR, SMALL-NOISE, AND MEAN-FIELD APPROXIMATIONS
The degenerate OPO is a system of two coupled cavity quasimodes of frequency and 2. The high-frequency mode with photon annihilation and creation operators a 2 and a 2 † is driven by an external classical field. The cavity contains a nonlinear (2) crystal which splits a pump photon in two subharmonic photons. The corresponding interaction Hamiltonian reads
where K is a real and positive coupling constant, ⑀ is the pumping rate which we choose real, and a 1 and a 1 † are the annihilation and creation operators of the subharmonic mode. The damping rates of the two modes due to cavity losses are denoted by ␥ 1 and ␥ 2 . The dynamics of the system can be described by Heisenberg-Langevin equations
where F 1 and F 2 are ␦-correlated fluctuation forces. Due to the invariance of the equations with respect to a sign change of a 1 , the subharmonic mode has in the classical limit either a vanishing amplitude or displays a bistable behavior. A transition between the two cases occurs, when the external pump rate ⑀ reaches the critical value ⑀ th ϭ␥ 1 ␥ 2 /K. Here the classical stationary solutions of Eqs. ͑2͒ and ͑3͒ show the well-known pitchfork bifurcation of the subharmonic mode shown in Fig. 1 . The bifurcation point is the classical threshold of parametric oscillation. Below threshold the subharmonic amplitude is zero and the pump-mode amplitude increases linearly with ⑀. Above threshold the pump mode stays constant and all energy is transferred into the subharmonic mode.
In the standard linearization approach ͓15͔, the steadystate quantum behavior of the system is analyzed by assuming small fluctuations around the classical amplitudes and disregarding higher order noise contributions. One of the eigenvalues of the linearized equations vanishes at the classical threshold indicating a critical behavior of the subharmonic mode and the breakdown of the small-noise assumption. The linearized theory is therefore not a useful starting point for a systematic derivation of corrections. Instead we here use the mean-field approach introduced by us in Ref. ͓13͔ as a lowest-order approximation. A brief outline of the meanfield approach will be given in the following.
To characterize the scale of the quantum fluctuations in the two modes we first introduce so-called system-size parameters. One is the photon number of the pump mode at threshold in the classical limit
Classical behavior of the scaled subharmonic amplitude ␣ 1 in a degenerate parametric oscillator as a function of the scaled pump strength ⑀. At the classical threshold ⑀ϭ1 the subharmonic mode undergoes a pitchfork bifurcation. and the other one the slope of the subharmonic photon number above threshold
Normalizing the field operators to these scales,
ã 2 ϭa 2 /ͱn th , ͑7͒
the pump rate to the threshold value ⑀ϭ⑀/(␥ 1 ␥ 2 /K), and measuring time in units of ␥ 1 Ϫ1 we find the scaled Heisenberg-Langevin equations
where ␥ϵ␥ 2 /␥ 1 . From these equations we easily see that the steady-state values for the amplitudes obey
͑11͒
In the standard linearization approach all second-and higher-order contributions in the fluctuations of the field modes around their mean amplitudes are neglected, which corresponds to
This approximation leads to a diverging subharmonic photon number at threshold, since it ignores the depletion of the pump mode due to energy transfer into subharmonic fluctuations. However, we replace here the operator expressions on the left-hand side of Eqs. ͑12͒ and ͑13͒ by their average value in the spirit of a mean-field or Hartree approximation. This amounts to the replacement creasing system size m. Similarly the mean photon number of the subharmonic mode ͗n 1 ͘ approaches the classical value as shown in Fig. 3 . The linear Langevin equation for the subharmonic mode in mean-field approximation is identical to that of the standard linearization approach ͓15͔ except that the classical value ␣ 2 cl has to be replaced by the mean-field solution
Thus the squeezing spectra of the two quadrature components
are given by the known Lorentzians
͑25͒
Here the indices ϩ and Ϫ correspond to the ''coordinate'' and ''momentum'' quadrature of the field, respectively.
Since ͗ã 2 ͘ remains smaller than unity, the subharmonic fluctuations do not diverge in contrast to the standard linearization result. We can therefore study the scale of the fluctuations in the squeezed and antisqueezed quadrature at the classical threshold ⑀ϭ1. . While in the linearization approach there is a critical slow down of the fluctuations in the antisqueezed quadrature, they again remain finite in the meanfield approximation. We find that the decay rate of the squeezed fluctuations becomes independent on the system size and that of the antisqueezed fluctuations vanishes with m
. This is shown in Fig. 5 . These results are consistent with the adiabatic results of Wolinski and Carmichael ͓7͔ and Kinsler and Drummond ͓8͔.
Since ͗ã 2 ͘ monotonically approaches unity for increasing pump rate, the maximum amount of squeezing in the p 1 component or, respectively, the maximum fluctuation in x 1 are attained only for an infinite pump rate. Clearly the valid- ity of the mean-field approximation breaks down much earlier. Nevertheless, we can conclude that the point of maximum fluctuations is shifted to higher pump strength values due to finite-size quantum corrections.
The mean-field approach breaks down, when either the fluctuations of the pump mode or fluctuations of ã 1 2 around its average value ͗ã 1 2 ͘ become important. As we will show later on, rather small values of ␥ are required for an accurate description of the threshold behavior by the mean-field approach. Nevertheless, also for larger values of ␥ the approach gives a well behaved zeroth-order approximation and is therefore a useful starting point for further considerations. Furthermore, it yields the correct system-size scaling of the fluctuations at the classical threshold.
III. QUANTUM MANY-BODY APPROACH
In the present section we will give a short introduction into nonequilibrium many-body techniques ͓14͔ applied to problems in nonlinear quantum optics. We also establish some notations which will be helpful further on.
A. Green's functions, Feynman graphs, and perturbation theory
The aim of the many-body approach is to derive closed sets of equations for n-point Green's functions ͑or n-time correlation functions͒, which have the generic form
Here A H denotes an operator in the Heisenberg picture corresponding to some field mode, T is the time-ordering operator, and ͗•••͘ means Tr͕ 0 •••͖, where 0 is the density operator at tϭϪϱ, which is assumed to fulfill the conditions for the application of Wick's theorem ͓14͔. It should be noted that it is sufficient to consider time-ordered correlation functions of the form given in Eq. ͑26͒, since these are the only measurable quantities of the field ͓16͔. All relevant statistical information can be derived from the Green's functions and in most cases only a few are actually needed.
In the case of a nonlinear interaction it is not possible to obtain a closed set of equations in an exact way, but rather an infinite hierarchy of equations arises. To find appropriate approximations it is useful to first separate the solvable linear part of the problem. For this we introduce an interaction picture, in which the field operators evolve according to the free Hamitonian plus the reservoir interactions describing cavity losses. The corresponding operators in the interaction picture are denoted by A. Any time-ordered correlation function of operators A H of the type given in Eq. ͑26͒ can then be expressed by interaction picture operators with the help of the time-evolution operator
To simplify the notation it is useful at this point to introduce the so-called Schwinger-Keldysh time contour C ͓17͔ indicated in Fig. 6 and a corresponding time-ordering operator T C which is identical to T on the upper branch of the contour and to T Ϫ1 on the lower one. If we furthermore define that T C orders all operators on the lower branch to the left of those on the upper branch, Eq. ͑28͒ can be expressed with a single time-ordering and evolution operator on C:
and
where ť denotes a time argument on the contour C and the superscripts (Ϯ) specify the branch. We denote the exact Green's functions on the SchwingerKeldysh contour by
and the free Green's functions D i 0 and D i j 0 by the same expressions without S C . The subscript i͕m ϩ ,m͖ indicates that A i creates or annihilates a photon of mode m. We note that the definition ͑32͒ contains also so-called anomalous Green's functions with two annihilation or creation operators, which are needed to describe quadrature squeezing. Sometimes we will find it useful to work with physical times, in which case we explicitly denote the contour branch by indices:
where ␣,␤͕ϩ,Ϫ͖. At this point let us discuss some symmetry properties of the Green's functions, as they help to substantially reduce the calculational effort. It is immediately obvious from Eq. ͑32͒ that Complex conjugation of a Green's function turns an annihilation operator into a creation operator and vice versa. In addition, the ordering is reversed. This is done by switching the time contour labels ϩ↔Ϫ,
The action of the time-ordering operator can be written as TA͑t 1 ͒B͑t 2 ͒ϭ͑t 1 Ϫt 2 ͒A͑t 1 ͒B͑t 2 ͒ϩ͑t 2 Ϫt 1 ͒B͑t 2 ͒A͑t 1 ͒ and similar for the antitime-ordering operator. With respect to the two-point Green's functions this leads to the identities
Let us now consider as a generic example for a nonlinear interaction a three-boson process with coherent driving. In Einstein-notation, where one has to sum over all pairs of indices, the interaction Hamiltonian reads
In order to calculate the exact two-point Green's function for such a process, we start with a perturbation approach. We
Applying Wick's theorem, which also holds for interaction-picture operators that include the reservoir coupling, we can now express the exact correlation functions in terms of interaction-picture correlation functions,
Here we have introduced 1,2, . . . to abbreviate time arguments. For a very convenient graphical notation of the involved equations we use Feynman-diagrams. As shown in Fig. 7 , we use a single or double line to represent a free or exact twopoint Green's function. In addition there are two-end and three-end vertices denoted by circles and triangles, respectively, at which an integration over the whole SchwingerKeldysh contour has to be performed. Using this notation the perturbation expansion ͑41͒ can be given the simple graphical representation also shown in Fig. 7 .
In order to obtain a nonperturbative result for the exact two-point Green's functions one has to sum up the terms in the series expansion. In the general case this is not possible and one must resort to a partial summation of the series which takes into account the most dominant terms. This will be explained in the next subsection.
B. Self-energy and Dyson equation
A formal summation of all terms in the perturbation expansion of an exact Green's function can be obtained by introducing the so-called self-energy. The self-energy P is formally the sum of all diagram blocks with two external vertices, which cannot be separated by cutting a single GF line. With these definitions one obtains a closed set of Dyson equations ͓14͔ for the two-point Green's functions:
ϫP kl ͑2,3͒D l j ͑3,1Ј͒. ͑42͒ Figure 8 gives a graphical representation of this equation. Transforming Eq. ͑42͒ into physical times we find
where the factors ␥ and ␦ (ϭϮ1) come from the fact that the integration direction is reversed on the lower branch of the time contour. In a compact notation, where the Green's functions and the self-energies become 2ϫ2 matrices denoted by D i j and P i j , we have
where we have incorporated the sign factors in the definition of the self-energy matrix P kl . Under stationary conditions the Green's functions and self-energies depend only on the difference of the ͑physical͒ time arguments. A Fourier transformation then turns the integral equation into an algebraic one: Defining X()ϭ͐dX(tϩ,t)exp͕Ϫi͖ we arrive at
Equation ͑45͒ can be solved and the exact Green's functions can be expressed in terms of free Green's functions and self-energies. The introduction of self-energies, however, does only formally solve the problem. One has yet to find good approximations for these quantities. An established procedure to obtain an approximate closed expression for self-energies in many-body theory is the vertex expansion outlined in the next subsection.
C. Vertex expansion and self-energies in bare-vertex approximation
In systems with nonvanishing mean amplitudes of fields, the self-energies P i j can formally be decomposed into two contributions. One of them contains the mean amplitude and the other one can be written as a product of two exact Green's functions ͑GF͒ and a so-called vertex function ⌫ i jk (1,2,3), which depends on three time arguments ͓14͔. In the language of Feynman graphs, ⌫ represents all diagram blocks which cannot be separated into three parts by cutting two GF lines:
A graphical illustration of Eq. ͑46͒ is given in Fig. 9 . The vertex functions ⌫ i jk can be expanded in powers of the coupling strength v and exact Green's functions. The first terms of such an expansion are shown in Fig. 10 . Taking into account only the first term results in the so-called bare-vertex approximation ͓10͔, in which we have
͑47͒
This truncation of the vertex-expansion leads to a closed set of Dyson equations for the two-point Green's functions, with the self-energies
͑48͒
Under stationary conditions we thus have
In order to test the validity of the bare-vertex approximation one can estimate the contributions from the next-order term in the vertex expansion to the self-energies. The second-order term in the vertex expansion reads 
IV. MANY-BODY APPROACH TO THE OPO
We now apply the many-body techniques outlined in the preceding section to the degenerate optical parametric oscillator with the interaction Hamiltonian given by Specifying the discussion of the preceding section to the interaction Hamiltonian of the optical parametric oscillator given in Eq. ͑52͒, and noting that ͗ã 1 ͘ϵ0 implies that all mixed-type Green's functions vanish, we find the following set of stationary Dyson-equations in Fourier space:
and analogously for mode 2. The self-energies read in barevertex approximation
͑59͒
The mean amplitude of the pump mode follows from Eq. ͑11͒:
A graphical representation of the Dyson equations is given in Fig. 11 . Here again single lines are used for free Green's functions and double lines for exact ones. Dashed lines represent the pump mode and full lines the subharmonic mode. The solution of the Dyson equations ͑53͒-͑59͒ reduces to the solution of
with the effective self-energies,
All other Green's functions follow from D i ϩ i . Since the selfenergies contain convolution integrals of exact Green's functions, Eqs. ͑53͒-͑59͒ need to be solved in a self-consistent way by a numerical iteration scheme. Important for the convergence of such a scheme are good initial approximations to the Green's functions and mode amplitudes. Mertens, Kennedy, and Swain used in their analysis expressions from the linearized theory. Since the Green's functions obtained from a linearized theory diverge close to the classical thresh- old, this method failed when the critical point was approached. We use here expressions from the mean-field approach of Sec. II for the initial value of the mean pump amplitude ͗ã 2 ͘ (͗ã 1 ͘ϭ0 in mean-field approximation͒ and for the zeroth-order Green's functions. In order to improve the convergence of the iteration scheme, we did not use the Dyson equations in the form given in Eqs. ͑53͒-͑59͒, but a modified version with the generic structure:
where k is the iteration index and is some appropriately chosen parameter between 0 and 1. After each step we obtain updated expressions for the Green's functions from the solution of Eq. ͑63͒ and updated expressions for the pumpmode amplitude from Eq. ͑60͒. In this way we were able to achieve convergence at and also above the classicial threshold.
In Fig. 12 we have plotted the coherent amplitude of the pump mode and the subharmonic photon number as a function of the pumping strength ͑all in scaled units͒ for different values of ␥ϭ␥ 2 /␥ 1 , i.e., for different ratios of pump and subharmonic decay rates. For pump rates below or in the vicinity of the classical threshold the bare-vertex solutions agree with the mean-field results. If the pump rate is further increased, the bare-vertex results start to depart from the mean-field solutions. One recognizes agreement over a relatively large range of pump values for smaller values of ␥. As we will show in the next subsection, this can easily be understood when we compare the mean-field and bare-vertex contributions to the self-energies.
In Fig. 13 we have shown our numeric results for the squeezing spectrum of the subharmonic mode at the classical threshold ⑀ϭ1 for a small and a large system size of the subharmonic mode (mϭ5 and mϭ500) and different values of ␥ ͑correponding to different system sizes of the pump mode͒. For a small system size of both modes (m small, ␥ large͒ the squeezing at the classical threshold is substantially reduced due to finite-size effects. However, a reduction of squeezing is already present, if only the subharmonic system is small. Correspondingly, the antisqueezed fluctuations do not diverge as opposed to the linearization result. One further recognizes that the one-loop contributions may lead to a double-peak structure of the squeezing spectrum already at the classical threshold. Figure 14 shows the squeezing spectra for mϭ5 and different values of ␥ slightly below, at, and slightly above the classical threshold. Corresponding plots for mϭ50 are shown in Fig. 15 . One recognizes that for small system sizes of both modes (m small, ␥ϭ1) a maximum in the output squeezing spectrum is achieved below the classical threshold. Decreasing ␥, i.e., increasing the pump-mode system size, shifts the point of maximum squeezing to higher pump values. Moreover, the double-peak structure known from the above-threshold linearization ͓15͔ becomes visible for ⑀ϭ1.2, despite the fact that there is no symmetry breaking in FIG. 12 . Pump-mode amplitude ͑a͒ and subharmonic photon number ͑b͒ as a function of pump rate from bare-vertex and meanfield approximations for a system-size parameter mϭ5.
FIG. 13.
Squeezing spectra from bare-vertex approach at classical threshold for mϭ5 and mϭ500. this calculation and ͗ã 1 ͘ϭ0. ͑Since the width of the central dip scales with ␥, it is not resolved for ␥ϭ1.͒
B. Validity of mean-field and bare-vertex approach
In order to analyze the range of validity of the mean-field approximation and to understand the good agreement between mean-field and bare-vertex results for small values of ␥, we estimate the self-energy contributions from both approximations. For this it is sufficient to compare the effective self-energy of the mean-field case, K 2 ͉͗a 2 ͉͘ 2 D 11 ϩ 0 , with a representative bare-vertex correction P 1 ϩ 1 for ϭ0. Substituting the mean-field results, we find
͑64͒
Hence the one-loop corrections to the self-energy are small compared to the mean-field or Hartree terms, when the righthand side ͑r.h.s.͒ of Eq. ͑64͒ is small compared to unity. A similar condition has been found by Mertens et al. in Ref. ͓11͔ for the convergence of the Dyson equation. We here note, however, two essential differences: First Mertens et al. and also Plimak and Walls in ͓12͔ considered a case in which the effective decay rate of the subharmonic mode is smaller than that of the pump mode where the first factor on the r.h.s. of Eq. ͑64͒ is close to unity. Second, they approxi-FIG. 14. Squeezing spectra for mϭ5 and ␥ϭ0.1 below (⑀ϭ0.8), at (⑀ϭ1), and slightly above the classical threshold (⑀ϭ1.2). Fig. 14 for mϭ50. mated ͗ã 2 ͘ in the denominator by the classical expression ⑀. This second approximation, however, strongly underestimates the radius of convergence of the Green's function approach, since in the vicinity and above the classical threshold ͗ã 2 ͘ deviates from ⑀ substantially ͑compare Fig. 12͒ . In particular, if we use mean-field results, we find in contrast to Mertens et al. that the second term in Eq. ͑64͒ never diverges,
FIG. 15. Same as
in the vicinity or above threshold. Thus an estimated upper limit for the pump rate up to which the mean-field approach is accurate is given by
͑66͒
We recognize that in the case opposite to that studied by Mertens et al. and Plimak and Walls, namely for a fast decaying subharmonic mode, such that ␥Ӷ(1Ϫ͗ã 2 ͘), the upper limit for the pump rate is considerably higher. In order to test the validity of the bare-vertex approximation we now have to analyze under what conditions higherorder contributions to the self-energy are negligible. As pointed out by Mertens et al. ͓11͔ , a consistent way of doing this is to take into account the first-order corrections in the vertex expansion of ⌫, given in Eq. ͑50͒. Mertens et al. evaluated these contributions by replacing the exact Green's functions by the linearized expressions. This, however, considerably overestimates the two-loop contributions and does not allow one to test the approach at threshold. We use here the well-behaved expressions from the mean-field approach instead.
As an indicator of the reliability of the bare-vertex approximation we may use the quantity
which is a 2 ϫ 2 matrix in physical times. In order to obtain a single real number, we introduce the norm
Note that here again the Einstein notation applies. In Fig. 16 we have plotted the relative contributions of the two-loop terms to the effective self-energy for ϭ0,
as a function of the pump parameter for ␥ϭ0.1 and different values of m. One recognizes that the bare-vertex approximation works well up to 20% above the classical threshold. For larger values of the pump strength it becomes unreliable in particular for larger system-size parameters m. The breakdown of the vertex expansion above threshold can easily be understood. When the pump strength exceeds the critical value for the pitchfork bifurcation, the classical solutions become bistable. There is of course no bistable steady state in the quantum dynamics. However, the phasespace distribution of the subharmonic mode becomes double peaked. This situation is qualitatively different from the behavior below threshold, where the true state can be characterized by a Gaussian distribution around a well-defined classical amplitude. An approach based on semiclassical expansions must clearly break down in a bistable regime. However, if the system size is small, the transition from a single-peaked to a double-peaked distribution is smeared out and the bare-vertex approach works reasonably well also somewhat above the classical threshold.
C. Bare-vertex approximation for the above-threshold OPO with symmetry breaking
From the preceding discussions it is clear that a semiclassical expansion fails to describe the true steady-state behavior of the parametric oscillator above threshold. However, since the tunneling time rapidly increases when one moves away from the threshold, there are two metastable states, with a mean subharmonic amplitude close to one of the bistable classical values. An external asymmetric perturbation can force the system into one of these states and it takes a long time before tunneling reestablishes the symmetric distribution. This property gives also the justification for a linearization around one of the two classical solutions above threshold ͓15͔. Since the Green's-function approach does not include tunneling, it also corresponds to such a situation when applied to the above-threshold case with ͗ã 1 ͘ 0.
In the present subsection we analayze the mean amplitudes and fluctuation spectra within the bare-vertex approximation above threshold lifting the restriction ͗ã 1 ͘ϭ0, which implies that also mixed-type Green's functions D 12 , etc., need to be considered. Thus we need to resort to the generalcase Dyson Equation ͑45͒ with self-energies given in Eq.
͑48͒. By using a nonvanishing value of ͗ã 1 ͘ in the first step of iteration of the ͑now much more involved͒ Dyson equations we enforce a symmetry breaking. The true value of ͗ã 1 ͘ in the ͑metastable or quasi͒steady state then follows from the self-consistent iteration scheme.
In Fig. 17 we have plotted the mean amplitude of the subharmonic mode as a function of the pump strength for mϭ5 and mϭ50 and ␥ϭ0.1 and 1. For comparision also the classical solution is shown. One can recognize that for a larger system size of both modes (mϭ50, n th ϭ25) bare- FIG. 16 . Relative contribution of two-loop terms to self energies.
vertex and classical solutions are virtually the same. For a smaller system size (mϭ5 and n th ϭ2.5) or for a small value of ␥ϭ␥ 2 /␥ 1 (mϭ50, n th ϭ250, i.e., ␥ϭ0.1) the phase transition between ͗ã 1 ͘ϭ0 and ͗ã 1 ͘ 0 occurs at a substantially higher value of the pump rate. The point of the phase transition can be considered as renormalized threshold of parametric oscillation and finite-size effects shift this point towards a higher pump strength. It is interesting to note that for the range of the pump parameter shown, the mean value of the subharmonic mode stays below the classical value even for relatively large pump strength.
The squeezing spectrum above threshold shows the same features as known from linearization. It develops a peak around ϭ0 which is narrower and more pronounced when ␥ is small. As can be seen from Fig. 18 , finite size effects tend to smear out the sharp spectral structures. For comparison we have shown also the squeezing spectrum without symmetry breaking in Fig. 18 , in which case the peak is much less pronounced. The antisqueezing spectrum is initially a Lorentzian which rapidly decreases in height with increasing pump strength until it becomes double peaked at frequencies (/␥ 1 ) 2 ϭ( 0 /␥ 1 ) 2 ϭϪ␥ 2 ϩ␥ͱ2␥͉͗ã 1 ͉͘ 2 ϩ4͉͗ã 1 ͉͘ 4 as in the linearization approach. An interesting effect of the one-loop contributions to the fluctuation spectra above threshold was pointed out in Ref.
͓18͔. Sufficiently far above threshold and for small values of ␥ additional small spectral peaks occur at frequencies ϭ0 and ϭϮ2 0 , where 0 is the peak-frequency in the linearized antisqueezed spectrum. For higher pump values these structures disappear again. We also find these structures in the antisqueezed spectrum as indicated in Fig. 19 . The appearance of these peaks in a nonlinear theory is easily understood. As mentioned before, the fluctuations become spectrally condensed at frequencies Ϯ 0 sufficiently far above threshold. The nonlinear terms in the equations of motion then result in beat-note terms at frequencies ϭ0 and Ϯ2 0 . In the Dyson equations this effect is generated by the quadratic contributions in the self-energies. If we assume, for example, that D 1 ϩ 1 ϩ ␣␤ () has sharp peaks at ϭϮ 0 , the FIG. 17 . Mean value of subharmonic amplitude in bare-vertex approximation with symmetry breaking for n th ϭ25, mϭ50 (␥ϭ1) shown in ͑a͒, for n th ϭ2.5, mϭ5 (␥ϭ1) shown in ͑b͒, and for n th ϭ250, mϭ50 (␥ϭ0.1) in ͑c͒. convolution integral in the one-loop contribution to the selfenergy
leads to large contributions at ϭ0 and ϭϮ2 0 . When the pump strength is further increased, the absolute value of the fluctuations decreases and therefore the one-loop contributions to the self-energies become small compared to the mean-field terms. Thus the additional peaks in the fluctuation spectra disappear again.
V. SUMMARY
In the present paper we have analyzed the quantum statistical properties of a degenerate parametric oscillator with the help of a many-body approach. This approach does not make use of the small-noise assumption in linearization approaches and thus allows one to study the near-threshold behavior and effects from finite system sizes characterized by the two parameters m and n th .
We have shown in Sec. II that the quantum dynamics of the parametric oscillator can be accurately described below, at, and to a certain degree above the classical threshold with a mean-field approach in the limit of a fast decaying subharmonic mode. The mean-field equations take into account the depletion of the pump mode due to energy transfer into subharmonic fluctuations, which is ignored in linearization approaches and can be solved analytically. The approach does require a large threshold photon number of the pump mode n th in order for the pump mode to be treated quasiclassically but not a large system-size of the subharmonic mode. One can therefore study a semiquantum limit, with a highly quantum subharmonic mode. In this limit a large deviation not only of the fluctuations but also of the mean amplitudes of the fields from the linearization results can be found. As opposed to the linearization results, the intracavity antisqueezed fluctuations as well as the subharmonic photon number remain finite at threshold and scale with the square root of m.
Yielding well-behaved results for mean values and correlation functions, the mean-field approach is an appropriate starting point for more accurate approaches. Following the idea of Mertens, Kennedy, and Swain ͓9-11͔ we derived a closed set of Dyson equations for two-point Green's functions or field correlation functions in Sec. IV using the barevertex approximation. The Dyson equations are integral equations and are solved numerically by a self-consistent iteration scheme. As opposed to Mertens et al. , who used diverging linearized Green's functions for the initial selfenergies, we used well-behaved mean-field values which are all-order expressions in 1/m. In this way we were able to achieve convergence also at and above threshold.
In the first part of our analysis we assumed a vanishing mean amplitude of the subharmonic mode and studied the influence of finite-size effects on the squeezing in the threshold area. We found that with decreasing system size the amount of squeezing is generally reduced and the point of maximum intracavity fluctuations of the x component is shifted to pump strength larger than the threshold pump rate. Also the spectrum of squeezed fluctuations in the output is changed. For small values of ␥, the double-peak structure known from linearization above threshold ͑with broken symmetry, i.e., ͗ã 1 ͘ 0) appears already below threshold.
We have analyzed the range of validity of the bare-vertex approximation with vanishing subharmonic amplitude by estimating higher-order vertex corrections. For this, Green's functions from the mean-field approach were used as opposed to the analysis in Ref. ͓11͔, where linearized expressions were applied. We showed that the bare-vertex approximation works well at and to a certain degree above the classical threshold for small values of ␥ and small values of m. For higher pump strength the stationary phase-space distribution of the subharmonic mode becomes double peaked and the vertex expansion breaks down. The smaller the system size and the larger the decay of the subharmonic mode, the slower is the transition from the single to the doublepeaked distribution and the longer the bare-vertex approach works.
In the second part of our analysis we studied the stationary OPO above the classical threshold relaxing the condition ͗a 1 ͘ϭ0 and thus allowing for symmetry breaking. Since tunneling between the two classical stable states is not accounted for by the bare-vertex approach, this corresponds to an analysis of fluctuations in a metastable state. We showed that the critical pump strength for which a metastable state is possible is in general larger than the classical threshold value if the system size of the modes or the ratio of decay rates ␥ϭ␥ 2 /␥ 1 are small. This can be considered as a renormalization of threshold due to finite-size effects.
In conclusion, the many-body technique is a useful tool to study quantum fluctuations beyond the level of linearization in particular finite-size effects whenever a well-defined single-peaked stationary phase-space distribution exists.
